
 

෍ 𝐹 = 𝑚𝑎     =>       −(𝑘𝑣 + 𝑚𝑔) = 𝑚
𝑑𝑣

𝑑𝑡
      =>       −𝑑𝑡 = 𝑚

𝑑𝑣

𝑘𝑣 + 𝑚𝑔
  => 

=>       −
𝑘

𝑚
𝑑𝑡 =

𝑑𝑣

𝑣 +
𝑚𝑔

𝑘

       =>       𝐶 −
𝑘

𝑚
න 𝑑𝑡 = න

𝑑𝑣

𝑣 +
𝑚𝑔

𝑘

       => 

𝐶 −
𝑘

𝑚
𝑡 = ln ቀ𝑣 +

𝑚𝑔

𝑘
ቁ     =>     𝑣 +

𝑚𝑔

𝑘
= 𝑒୪୬ ஼ି

௞
௠

௧     =>      𝑣(௧) = 𝐶𝑒ି
௞
௠

௧ −
𝑚𝑔

𝑘
 

𝑣(଴) = 𝑣଴      =>       𝑣଴ = 𝐶𝑒0 −
௠௚

௞
    =>       𝑣଴ +

௠௚

௞
= 𝐶 

𝑣(௧) = ቀ𝑣଴ +
𝑚𝑔

𝑘
ቁ 𝑒ି

௞
௠

௧ −
𝑚𝑔

𝑘
          𝑎𝑡 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 ℎ𝑖𝑔ℎ𝑡 𝑣(௧) = 0  𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

0 = (𝑣଴𝑘 + 𝑚𝑔)𝑒ି
௞
௠

௧ − 𝑚𝑔    =>      𝑒ି
௞
௠

௧ =
𝑚𝑔

𝑣଴𝑘 + 𝑚𝑔
    =>     

−
𝑘

𝑚
𝑡 = ln

𝑚𝑔

𝑣଴𝑘 + 𝑚𝑔
   =>      𝑡୫ୟ୶ ௛௜௚௛௧ =

𝑚

𝑘
ln

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
 

ℎ(௧) = න 𝑣(௧)𝑑𝑡  = න ൤ቀ𝑣଴ +
𝑚𝑔

𝑘
ቁ 𝑒ି

௞
௠

௧ −
𝑚𝑔

𝑘
൨ 𝑑𝑡  =  −

𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ 𝑒ି

௞
௠

௧ −
𝑚𝑔

𝑘
𝑡 + 𝐶 

ℎ(଴) = 0   =>     0 = −
𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ + 𝐶   =>     

𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ = 𝐶 

ℎ(௧) = −
𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ 𝑒ି

௞
௠௧ −

𝑚𝑔

𝑘
𝑡 +

𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ 

ℎ(௧) =
𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ ൬1 − 𝑒ି

௞
௠

௧൰ −
𝑚𝑔

𝑘
𝑡 

ℎ௠௔௫ = ℎ
ቀ𝑡max ℎ𝑖𝑔ℎ𝑡ቁ

=
𝑚

𝑘
ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ ቆ1 − 𝑒

ି
௞
௠

∙
𝑚
𝑘

ln
𝑣0𝑘+𝑚𝑔

𝑚𝑔 ቇ −
𝑚𝑔

𝑘
∙

𝑚

𝑘
ln

𝑣0𝑘 + 𝑚𝑔

𝑚𝑔
 

ℎ௠௔௫ =
𝑚

𝑘
ቈቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ ቆ1 − 𝑒

ି ୪୬
௩బ௞ା௠௚

௠௚ ቇ −
𝑚𝑔

𝑘
ln

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
቉ 



ℎ௠௔௫ =
𝑚

𝑘
൤ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ ൬1 − 𝑒

୪୬
௠௚

௩బ௞ା௠௚൰ −
𝑚𝑔

𝑘
ln

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
൨ 

ℎ௠௔௫ =
𝑚

𝑘
൤ቀ𝑣଴ +

𝑚𝑔

𝑘
ቁ ൬1 −

𝑚𝑔

𝑣଴𝑘 + 𝑚𝑔
൰ −

𝑚𝑔

𝑘
ln

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
൨ 

ℎ௠௔௫ =
𝑚

𝑘
൤
𝑣଴𝑘 + 𝑚𝑔

𝑘

𝑣଴𝑘

𝑣଴𝑘 + 𝑚𝑔
−

𝑚𝑔

𝑘
ln

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
൨ 

ℎ௠௔௫ =
𝑚

𝑘
൤𝑣଴ −

𝑚𝑔

𝑘
ln ൬

𝑣଴𝑘 + 𝑚𝑔

𝑚𝑔
൰൨ 

What happens when 𝐾 → 0 ? 

ℎ௠௔௫ = 𝑚 ∙
𝑣଴𝑘 − 𝑚𝑔 ln

𝑣଴𝑘 + 𝑚𝑔
𝑚𝑔

𝑘2        𝑟𝑒𝑜𝑟𝑑𝑒𝑟𝑖𝑛𝑔 𝑓𝑜𝑟 𝐿𝑜𝑝𝑖𝑡𝑎𝑙 

lim
௞→଴

ℎ𝑚𝑎𝑥 = 𝑚 ∙
0 − 𝑚𝑔 ∙ 0

0
= ൤

0

0
൨   =>    𝐿𝑜𝑝𝑖𝑡𝑎𝑙 

lim
௞→଴

ℎ𝑚𝑎𝑥 = 𝑚
𝑣଴ − 𝑚𝑔

𝑚𝑔
𝑣଴𝑘 + 𝑚𝑔

∙
𝑣଴

𝑚𝑔

2𝑘
= 𝑚

𝑣଴ −
𝑚𝑔𝑣଴

𝑣଴𝑘 + 𝑚𝑔

2𝑘
= 𝑚

𝑣଴
ଶ𝑘

2(𝑣଴𝑘 + 𝑚𝑔)𝑘
= 

=
𝑚𝑣଴

ଶ

2(𝑣଴𝑘 + 𝑚𝑔)
=

𝑚𝑣଴
ଶ

2(𝑣଴ ∙ 0 + 𝑚𝑔)
=

𝑣଴
ଶ

2𝑔
  

௩బ
మ

ଶ௚
 is indeed the formula for ℎ௠௔௫ when moƟon in vacuum (no resistance) is assumed. 

Another approach is to subsƟtute  𝜀 −
ఌమ

ଶ
  for  ln(1 + 𝜀)  when  𝜀 → 0  : 

ℎ௠௔௫ =
𝑚

𝑘
൤𝑣଴ −

𝑚𝑔

𝑘
ln ൬1 +

𝑣଴𝑘

𝑚𝑔
൰൨ 

lim
௞→଴

ℎ𝑚𝑎𝑥 =
𝑚

𝑘
൥𝑣0 −

𝑚𝑔

𝑘
൭

𝑣0𝑘

𝑚𝑔
−

𝑣0
2𝑘

2

2𝑚2𝑔2
൱൩ =

𝑚

𝑘
ቈ𝑣0 − 𝑣0 +

𝑣0
2𝑘

2𝑚𝑔
቉ =

𝑣0
2

2𝑔
 


