THEOREM 1 Limit Laws
If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then

x—¢ x—c
1. Sum Rule: IT(f(x) +gx)=L+M
The limit of the sum of two Functionsxis tche sum of their limits.
2. Difference Rule: Ii_n}‘i (fx) —gx)) =L - M
The limit of the difference of two fun;tio{’;ls is the difference of their limits.
3. Product Rule: ;!I—Tg(f(x) cg(x)=LM

The limit of a product of two functions is the product of their limits.

4. Constant Multiple Rule: lim(k- f(x)) = k- L
X

The limit of a constant times a function is the constant times the limit of the
function.

x
5. Quotient Rule: lim M '/ M #0

e glx) M’

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: 1f r and s are integers with no common factor and s # 0, then

lim (f(x))rff — Lrj:.‘
X

provided that L" is a real number. (If s is even, we assume that L, > 0.)

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.
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Using Limit Rules

37. Suppose lim,—g f(x) = 1 and limy,—qg(x) = —5. Name the
rules in Theorem 1 that are used to accomplish steps (a), (b), and
(c) of the following calculation.

2f(x) — g(x) B J!ﬂ}](zf(x) - g(x))

=0 (f(x) + P lim (f(x) + 7) @
 Jlim 2/6:) — lim £+ .
: . 2/3
(lim () + 7))
2 lim £ — lim ¢ .

(tim 9+ Jiy 7
_ @M -E5 7
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39. Suppose lim,—. f(x) = 5 and limy—,. g(x) = —2. Find

a. hm f(x)g(x) b. lim 2f(x)g(x)
X—*¢C X—*
. . f(x)
c. lim (f(x) + 3g(x)) d. lim
X—*¢ X—>¢ f(x) - g(x)
Solution:
a. limfuo) gu = [{g’clf(x)] ' [{g’}g(x)] = 5:(=2) = -10
b. lxll’);l Zf(x) "dx) = 2 lxll’);lf(x) ") = 2(—10) = =20
C. lxl.;r)lc“l(f(x) + 3g(x)) = lxil?f(x) + lxl—rz:l 3g(x) = lxiz){‘lf(x) +3 lxi_fz:lg(x) = 5+ 3(—2) = -1
: fw Limf Limf 5 5
d lim——— = — = — i = - =
¢ f) = 9w lgfcl(f(x) - 9w) limf ) — limgy 5-(-2) 7



38. Let limy—; A(x) = 5, limy— p(x) = 1, and lim,— r(x) = 2.
Name the rules in Theorem 1 that are used to accomplish steps
(a), (b), and (c¢) of the following calculation.
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40. Suppose lim,—4 f(x) = 0 and limy,—4 g(x) = —3. Find

a. lim (g(x) + 3) b. lim xf(x)
x—4 x—>4
. g(x)
¢. lim (g(x))? d. lim —————
Jim, (8(x) e f) — 1
Solution:
a. gi_r)il(g(x)+3) = limgy+lim3 = —3+3 = 0
b. gcl—rll-lx.f(x) = a%xallﬂlf(x) = 4-0 = 0

2
c. limgt, = [limg(x)] = (-3 = 9

x—4

0 lim 9w _ M0 e -3
>4 foy—1 gﬁ(f(x) — 1) gll)ilf(x) - lkﬂl 0-1




41. Suppose limy—;, f(x) = 7 and lim,—, g(x) = —3. Find

a, lim (J"(-r) + g(x)) b. J@h f(x) - g(x)
c. lim 4¢( d. lim f(x)/g(x
Solution:

a m(fy+ay) = Umfeo+limge = 7+(3) = 4

x—=b
b. imfu - g = [{j_’],}f(x)]'[gi_?y,}g(x)] = 7-(-3) = -21
C. gci_');ll;l‘l-g(x) = 45}_’)}7’}‘9(@ = 4(—3) = —12

. f(x) _ gci_t’,lf(x) _ 7 _ 7
d lim—= = X% ~ - __ = __

*=b g limg,y -3 3

42. Suppose that limy—_—» p(x) = 4, limy—_— r(x) = 0, and
limy—_» s(x) = —3. Find

a. 1_1].1’92 (p(x) + r(x) + s(x))
b. lim2 plx)rix)-s(x)
C. '_Ei"__lz(_{n(x) + 5r(x))/s(x)

Solution:

a. lim (p(x) + Ty + S(x)) = Jgi‘r_né P + Jgi?!lz T (x) + xlir_nz Sx) = 4+0+ (—3)

x——2

b. xl—igle P T Sy = [llm p( )] [l_i?zlz r(x)] . [xl—igle S(x)] = 4-0- (—3) =
lim ~ 4P + 570 lim(—4p +51))  —4limpgy +5lim

C. = = =
x—>—2 S(x) J}11112 S(x) ,}imz Sx)
—4-4+4+5-0 -16+0 16

-3 -3 3



